Abstract. Let (X, pi) be a o-firute measure space and Iyifi), 1 < p < oo, the usual Banach spaces of complex-valued functions. For k -1, 2,. . ., n, let {Tk(i): t > 0} be a strongly continuous semigroup of Dunford-Schwartz operators. If
Introduction. Let [X, p.) be a complete, a-finite measure space and let Lp( p.) = Lp(X, p.), 1 < p < oo, be the usual Banach spaces of complex-valued functions. Let {T(t): t > 0} be a strongly continuous semigroup of Lx(p) contractions. This The strong continuity of {T(t)} permits us to define, for a > 0 and/ G L/ju), the integral /g T(t)f dt as the L,-limit of Riemann sums. A more precise definition of /g 7X0/ ^' lS required to investigate the pointwise convergence of (l/a)/S T(t)fdt. It is well known ( [2] , [8] ) that given/ G L,(/i) the vector 7X0/has a scalar representation T(t)f(x), defined on R + XX and measurable with respect to the product measure on R + XX, such that T(t)f(x) is in the equivalence class of 7X0/for au t > 0. This representation is unique modulo sets of product measure zero. The scalar function T(0/(*) is integrable with respect to the product measure on R + XX. Additionally, there is a jn-null set E(f), independent of a > 0, outside which Jq T(t)f(x) dt exists and, as a function of x, is in the equivalence class of /S T(t)fdt for every a > 0. We define , [5] , [6] , [8] , [9] ). T. Terrell [10] extended the local ergodic theorem for one-parameter submarkovian semigroups to the n-parameter case. He showed that if / G L,( ft) then lim(l/a)n f" ■ ■ ■ \aT(tv ..., tn)f(x)dtx ■■■*" =f(x) ,t-a.e. He pointed out that if it is assumed only that / G L,( p) then (*) may fail (even if the semigroups commute).
means that (i) T(t + s) = T(t)T(s), s, t > 0; (ii) ||T(0||i < 1, / > 0; (iii)/ G L,(/i) implies || T(t)f -T(s)
Main results. If {T(t): t > 0} is a strongly continuous L,(/t) semigroup of Dunford-Schwartz operators then a scalar representation T(t)f(x) exists for any / G Lp(p), 1 < p < oo ( [2, pp. 196-198] ). However R" is not contained in the linear span of U|<p<00 Lp(¡i) [3] . Before proving our ergodic theorem we must show that a scalar representation exists for functions in R0.
1. Lemma. Let (X, ¡i) be a complete, a-finite measure space and let { T(i)} be a strongly continuous Lx(¡i) contraction semigroup such that for all t > 0, ||7T0/II» < \\f\\oe, f G L,(ju) n L^di). Then [T(t)} may be extended to a Dunford-Schwartz semigroup and the domain of definition of the scalar representation of { 7Xf)} may be extended from L,(ju) to L,(fi) + LM(/i).
Proof. Let {P(i)\ t > 0} be a strongly continuous submarkovian semigroup which dominates {T(t): t > 0} ( [4] , [6] ). If / G L,+(/i) then P: f ^ e-'P(t)f(x) defines a linear contraction mapping from L,(/x) to LX(R+ X X, dp), where dp = dt X dp.. This mapping is a positive contraction since if / > 0 ju-a.e. then P(t)f > 0 /x-a.e. for ail t > 0 implies Pf > 0 p-a.e. by Fubini's theorem. Consequently P may be extended to the cone of positive measurable functions on X [7] . We denote the extension of P by P.
Choose / G L*(/i) and let fk (k = 1, 2, ... ) be a sequence of functions in Lx*(p) n L + (ft) with fk(x) /i fix) /i-a.e. as k -► oo. Then P/(r, x) = lim^^^j e~'P(t)fk(x), since F has the monotone continuity property. We have \Pfit, x)\ < oo p-a.e. since \\Pg\\x < \\g\\x for all g G L+(p). Consequently the sequence {7(0/*(*)} is Cauchy ii-a.e. since |7X0W*) -T{t)fk(x)\<\P(t)fk+J{x) -P(t)fk(x)\.
Set f(t)fix) = lim*^ T(t)fk(x), f G L+(p). It is not difficult to show that our
definition is independent, modulo p-null sets, of the particular sequence {fk} converging to /. Extend now f(t)fix) to Lx{ p) by linearity. If we set T{i)f = f(t)fi-),f G Lx(p), then we have extended {7(0} to a Dunford-Schwartz semigroup and f(t)fix) is in the equivalence class of 7X0/for all r > 0 and/ G Lx(p). One can see that given / G Lx{ p), there exists a jn-null set E(f), independent of a > 0, outside of which /g f(
t)fix) dt exists and is finite. If / G Lx(p) n Lx(p) then T(t)fix) and T(t)fix) are equivalent scalar representations of T(t)f. Finally, if / = g + h, where g G L,( p) and h G Lx( /x), we define T(t)fix) = f(0g(*) + f(t)h(x).
We note that this definition of T(t)fix) is independent, modulo a p-null set, of the particular g and h chosen for the representation of /. □ 1 </> < oo, /Ae/t A(Tn, a,,) ■ ■ ■ A(T¡, a,)/(x) -» /(*) ¿>oiA /'« «orm and pointwise as ax \ 0, . . ., a" \ 0 independently.
Proof. By Lemma 1 each {7Ä(/)} may be regarded as a Dunford-Schwartz semigroup. As pointed out in [2] , {Tk(t)} is a strongly continuous semigroup of Lp{p) contractions for 1 < p < oo. If / G L^u) and if /*(*) denotes supa>0|(l/«)/S Tk(t)fix)dt\, then ||y?||, < (/>/(/> -\))\\f\\P by Theorem VHI. 7.7 in [2] . Since Lx(p) n Lp(p) is dense in Z"i» and hm^o^T;, ak)fix) = fix) ju-a.e. for all/ G L,(/x) n ^(/x) by Ornstein's theorem [8, p. 108] , it follows from Banach's convergence principle [2, Theorem IV. 11.3] that, for each k, lim^^Q A(Tk, ak)fix) exists and is finite u-a.e. as ak \ 0 through some countable set, say Q +, the set of positive rationals. Since A(Tk, ak)fix) depends continuously on ak for a.e. x, we have lim^^o A(Tk, ak)fix) exists and is finite jx-a.e. for every / G Lpip). The fact that lim^^o A(Tk, ak)fix) = fix) /i-a.e. follows from the strong continuity of {7X0} at t = 0.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use for k = 1, 2, . . . , n -1. If {Px(t)}, . . ., {Pk(t)} are strongly continuous semigroups of positive Dunford-Schwartz operators which dominate, respectively, {Tx(t)},...,{Tn(t)},then
We have 
